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Abstract
We investigate the linear stability of dewetting thin polymer lms on hy-
drophobised substrates driven by Van-der-Waals forces, using a lubrication
model. We focus on the role of slippage in the emerging instability at the
three-phase contact-line and compare our results to the corresponding no-slip
case. Our analysis shows that generically, small perturbations of the receding
front are amplied, but in the slippage case by orders of magnitude larger than
in the no-slip case. Moreover, while the perturbations become symmetrical in
the no-slip case, they are asymmetrical in the slippage case. We furthermore
extend our lubrication model to include eects of nonlinear curvature.
1 Introduction
A thin liquid lm that wets a solid substrate is typically subject to contact-line
instabilities such as formation of ngers. Such phenomena have been studied for
decades, both theoretically and experimentally, for lms driven by forces such as
gravity [9, 31, 1, 32], or Marangoni stresses or both [6, 5, 7, 11, 2]. The derivation of
the mathematical models exploits the separation of length scales to obtain a simpli-
ed lubrication model from the underlying Navier-Stokes equations in conjunction
with conservation of mass. The stress singularity at the three phase contact-line,
which is inherited by the resulting 4th order PDE, is regularized for example via a
slip boundary condition or precursor model, where the height of the precursor or
the slip length is usually much smaller than the height of the actual wetting lm.
Interestingly, for the wetting phenomena just mentioned, the choice of the boundary
condition at the three phase contact-line enters only weakly in that it does not inu-
ence the eventual appearance of ngers, see for example [1, 11, 13, 17]. In contrast
to these wetting phenomena, contact-line instabilities for dewetting thin lms have
received only limited attention particularly theoretically.
For such a process to occur, a thin, viscous lm is uniformly spread onto a hydropho-
bic surface. It then dewets in a process that is initiated either spontaneously through
spinodal decomposition or induced for example through nucleation. The dry spots,
or holes, that form as a result subsequently grow as the newly formed contact line
recedes, thereby accumulating liquid in a characteristic capillary ridge at the edge of
the hole, which increases in width and height as the dewetting proceeds. In a variety
of experimental situations it is observed that, while in some cases, the growth of
the hole continues until it collides with neighboring holes, in other cases the ridge of
the hole destabilizes into nger-like structures eventually pinching o and forming
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droplets, see [12, 22, 25, 28, 29, 33, 16, 19]. Because of the impact this has on the
emerging macroscopic pattern, it is important to understand the dynamics leading
to such an instability.
Let us note here, that in contrast to the wetting scenarios the lm thickness in
dewetting experiments is typically by orders of magnitude smaller. For such situ-
ations, the relevance of slippage at the liquid/solid interface for the instability has
been discussed by several authors, [30, 24, 14], but detailed theoretical investiga-
tions using a uid mechanical model to understand the eect of slippage have not
yet been carried out. In [20, 3, 10] the dewetting rate and shape of the ridge has
been treated using approximate formulas derived from scaling arguments and en-
ergy balances. This has been compared to dewetting rates and shapes by numerically
solving the corresponding lubrication model, both for the no-slip and slippage case,
see [8, 15]. In [15] also the case for very hydrophobic substrates is investigated. For
such situations contact angles are typically quite large and violate the small slope
assumption of lubrication theory, suggesting to include the full nonlinear expression
for the curvature of the liquid surface.
In this paper we study the linear stability of the dewetting ridges, by perturbing
about the solutions found in [15]. In section 2, we describe the relevant physical sit-
uation and derive the lubrication model. In section 3 we discuss the two asymptotic
cases: the no-slip case and the free slippage case for the lubrication model as well as
for the extended model that includes nonlinear curvature. Subsequently, we detail
the numerical methods used and present our results. In section 4, we summarize
our results.
2 Formulation
2.1 Eective interface potential
The physical situation that underlies our mathematical model consists of a thin
viscous polymer lm using polystyrene (PS) of low molecular weight ( 5kg/mol)
and about 100{200 nm thick, that is uniformly spread on a substrate, consisting
essentially of a silicon wafer (Si) covered with silicon oxide (SiO) layer, which is in
turn covered with a monolayer of octadecyl-trichlorosilane (OTS). For such a multi-
layer system, it could be shown in [27], [26], how to reconstruct a corresponding
eective interface potential. This can then be used to characterize the stability
properties of the thin lm with respect to spinodal decomposition and nucleation
with the aim to extract information for the resulting dewetting pattern.
The eective interface potential is composed of repulsive and attractive long-range
Van der Waals contributions, with a separate contribution for each of the layers of
the substrate, and a short-range term which accounts for Born-type repulsion. The
latter term provides a cut-o by penalizing a thinning of the lm below a positive
























Figure 1: Left: The non-dimensional eective interface potential W (h), as given
by (7), with a minimum at h and a maximum as shown in the inset. The inset
corresponds to the area above the thin dotted line in the main gure. Right: Sketch
of a portion of a dewetting polymer lm of initial thickness h1. The dewetting front
and the ridge propagate in the direction of the positive x-axis, as indicated by the
bold-face arrow, leaving behind a residual lm of thickness h.
gure 1, depicting W (h), which also shows correspondingly a portion of a ridge as
it dewets in the x-direction from a straight front oriented in y-direction. We let dSiO
be the thickness of the SiO layer and dOTS the thickness of the monolayer of OTS.












12(h+ dOTS + dSiO)2
: (1)
where cs denotes the strength of the short-range part of the potential, and ASiO, ASi
and AOTS are the Hamaker constants of PS on SiO, Si and OTS respectively. We
note that the actual values of the constants AOTS and ASiO turn out to nearly cancel
out, so we can neglect the third term in what follows. For this system, it has been
observed experimentally, that after formation of holes and formation of a ridge at
the dewetting fronts of the holes, the ridges destabilize into nger-type structures.
2.2 Lubrication model
In order to describe the evolution of the lm surface z = h(x; y; t) we use a lu-
brication model that includes the inuence of surface tension and the eective in-
terface potential W of the air/OTS/PS/SiO/Si layer. In this case the pressure at
z = h(x; y; t) is given by
p = h W 00(h): (2)
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Making use of the small length scale of h one can then derive the lubrication model
from the Navier-Stokes equation in conjunction with conservation of mass. In di-




+r [m(h) (rh W 00(h)rh)] = 0; (3)
where  and  are the liquid viscosity and the liquid surface tension, respectively,
andW 00(h) is the second derivative of the eective interface potential with respect to
the PS lm thickness h. As a rst approximation for the short chained (2-5kg/mol)
variants of PS, which has an entanglement length of 18kg/mol, our lubrication
model (3) treats the polymer lm in its melt state as a Newtonian liquid, so that in
particular viscoelastic eects are not present in the model.
Also, m(h) is a non-negative mobility coeÆcient, the form of which depends on the
boundary conditions at the liquid/solid interface. A widely used condition relates
the slippage velocity v of the liquid at the wall to the local shear rate @v=@z via
v =  @v=@z; (4)
where the slip length  is dened as the distance below the interface at which the
liquid velocity extrapolates to zero. Usually, the slip length is very small, on the
order of ten to a few hundred nanometers for Newtonian liquids and it only becomes
relevant in the immediate vicinity of the contact line, or when considering very thin
lms as we do here. For the above slip boundary condition at the substrate, the
mobility has the form m(h) = h3 + h2 with a non-zero slip length. The no-
slip boundary condition is obtained if  = 0, so that the mobility has the form
m(h) = h3. On the other hand, the limit  ! 1 yields the mobility m(h) = h2,
after rescaling time with .
Finally, we non-dimensionalize our problem by minimizing the number of parameters
that appear in the equation. We require the time derivative of h, the contribution
from surface tension and the rst terms in W 00(h)rh to balance. This is achieved


























for the normal and parallel length scales and for the time scale. Introducing these





















Note that in (6) the slip length , which is contained in the mobility m(h), has also
been scaled with H. The expression in curly brackets is the second derivative of the












which contains two parameters, namely
a = (ASiO   ASi)=ASiO and d = (dOTS + dSiO)=H: (8)
2.3 Nonlinear curvature
The OTS layer used in the experiments is very hydrophobic towards PS so that
this system produces a contact angle of almost 60o, see [27]. This leads us to also
consider nonlinear curvature, replacing the linearized expression in (6). This means,











































reducing to the linearized curvature for  ! 0. For easy reference, we will refer
to (9), (10) as the 'nonlinear curvature model', while we continue to use the term
'lubrication model' for (6).
3 Linear stability of the dewetting thin lm
3.1 Non-constant base states
The stability analysis of a dewetting ridge we consider here, is to some degree non-
standard in that the base state about which we perturb is, in several ways, non-
constant, so that the usual travelling wave ansatz or similarity ansatz with a priori
known exponents is not appropriate. Here, the dewetting ridge (see gure 1) ac-
cumulates liquid as it moves to the right. As a consequence, the height as well
as width of the ridge increases. Furthermore, the velocity of the receding ridge is
non-constant and changes as the ridge evolves; the spreading law depends on the
boundary condition at the liquid/solid interface, which means it is dierent for the
two mobilities considered in this paper.
In a similar setting like ours, [20] used energy balances to predict dewetting rates
that are independent of the size of the receding ridge if no-slip boundary conditions





















Figure 2: Evolution of the contact line position with time for the no-slip (a) and
the slip case (b).
This result was corrected to a somewhat lower than linear dewetting law in [8] by
numerical integration of the corresponding lubrication model. In [15] it was found
that an ansatz with a logarithmic correction could be excellently t to the numerical
solution found by integrating the one dimensional version of the lubrication and the























for m(h) = h3 (letting  = 0 to recover the lubrication model). Note that by using
this one-dimensional model we consider here the evolution of trenches rather than
of axisymmetric holes. The t was in any case much better than with an ansatz
assuming a linear time dependence for xc(t). Here xc(t) denotes the position of the
front, and is taken to be the inection point on the 'dry' side of the ridge, i.e. the
side facing the region from which the liquid lm has receded. A plot of the numerical
solution is shown in g. 2(a), showing two curves for the nonlinear curvature and
the lubrication model that are both close, but still visibly dierent, from a straight
line.
For the free slip case, when m(h) = h2, [21, 23] predict a t2=3-law for the evolution









t2=3; C  0:1; (13)
where s is the static contact angle. By tting a power-law ansatz, [15] nds that (13)
indeed compares well with the numerical solution of (12) with mobility m(h) = h2.
The numerical solutions for the nonlinear curvature model and the lubrication model
( = 0) are both shown in g. 2(b).
For the computations in g. 2 and all other computations presented below, we used
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the physical parameters given in [18]:
cs = 4  10
 81 Jm6; AOTS = 2:2  10
 20 J; ASi =  1:4  10
 19 J; (14)
dOTS + dSio = 4:4  10
 9m;  = 30:8  10 3Nm 1:
This leads to the following scalings:
H = 2:085  10 10m; L = 1:290  10 10m:
The viscosity and hence the time scale varies greatly for dierent chain lengths,
moreover, it depends strongly on the temperature. Below we present our results for
the stability analysis as a function of the dewetting front position, which does not
require the knowledge of the time scale.
Note that the length scales are very small (in the sub-nanometric range) which is to
be expected since the balance we used to x them includes the Born repulsion term
in the potential which acts only over very small scales. As a result, the residual
lm h will be an order one value in the scaled variables, while the size of the ridge
or the distance it travels will be orders of magnitude larger. The values of the
non-dimensional parameters in the potential are
a = 7:36; d = 21:1:
Then, the minimum of the potential W is h = 0:833 (equivalent to 0.174 nm). The
initial prole and in particular the initial thickness of the wetting lm are the same
as in section 3.3.
3.2 The linearized problem
As next step we describe the occurrence of ngers in the ridge, in terms of the
evolution of a small perturbation hb(x; t). We introduce the perturbation
h(x; y; t) = hb(x; t) + Æh1(x; t) exp(iqy)
into the lubrication model, with Æ  1 and retain only linear terms in Æ. The
curvature  can then be written as










1(x; y; t) =




































































































We remark that by letting  = 0 in (17), (18) and in the base state equations (9),
we recover the system describing the linearization for the lubrication model.
Next we Fourier-transform (17), (18) with respect to y, which results in a system
of spatially one-dimensional PDEs that depends on the span-wise wavenumber k.
Note that since the coeÆcients of the linearized PDE are now non-constant, the
solutions for the linearized problem cannot be obtained via a classical eigenvalue
approach. Instead, we solve the initial value problems obtained from the linearisation
numerically for a xed set of wavenumbers, in tandem with the equation for the
base state, and observe how the perturbations evolve in time. Both the equation
for the base state (12) and the equation for the perturbation (17) coupled to it were
discretized using a nite-dierence scheme with implicit time discretisation, in some
cases using the scheme proposed by [34]; this was also our approach for the linear
curvature model.
3.3 Results of the linear stability analysis
The prole employed as initial condition for the base state is a steep front connect-
ing the dewetted region, where the lm thickness is h, and the unperturbed lm of
thickness h1, so that limx! 1 h = h and limx!1 h = h1. The initial front, specif-
ically, its inection point, is located at the origin. For the numerical experiments
here, we usually set h1 to a reference value, href = 20:8 (noting in passing that
this is 25h). Recall that h is the lm thickness that corresponds to the minimum
of the potential (7) and is energetically strongly preferred compared to the initial
thickness, so that in the computations the lm dewets i.e. the front moves to the
right.






which corresponds to a `zig-zag' perturbation, i.e. for a non-zero wave-number, we
perturb both sides of the ridge in the same direction [4]. For zero wave-number,
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(19) simply represents an innitesimal initial shift of the whole prole. Below, we
also make some remarks on other choices of the initial data for h1.
To describe the growth of bumps and eventually ngers in the ridges, we employ




for t0  t  t1:
We compare amplications achieved for the no-slip and the slip case at the same
position of the dewetting fronts, rather than at the same value of t.
The evolution of the ridge prole happens on quite dierent time scales for the
no-slip and the slip case, as can be expected, since the mobilities for the no-slip
and the slip case dier by a factor of h3=h2 = h, which is typically on the order
of, or larger than h1, in the ridge and the 'wetted' area. Therefore, we present
the results the our stability analysis in terms of the position xc(t) of the dewetting
front, rather than in terms of the dimensionless time t itself. In particular, we
introduce the perturbation (19) in each of the four cases studied here (no-slip/slip,
lubrication/nonlinear curvature model) when xc(t) has reached a xed position =
26:7. This leads to four dierent values for t0, one for each case. Then, the evolution
of the base state and the perturbation coupled to it are followed until xc(t1) =
4:5  105, which again species a dierent value for t1 in each of the cases.
From a heuristic point of view, the fact that the front evolves like xc(t)  t
 with
 < 1, hence slows down as it grows, indicates that thicker, wider ridges move slower
than thinner ones. This has been suggested as a mechanism for the instability
(see e.g. [24]): Starting with some initial undulation of the ridge, thicker regions
will tend to stay behind compared to the more rapidly dewetting thinner regions,
thus reinforcing the dierences and giving rise to a pattern of protruding bumps or
ngers separated by straight portions or troughs. We expect the eect to be more
pronounced for smaller , i.e. for the slip case, and weaker for  equal or close to
one, i.e. for the no-slip case.
We now present the results for the linear stability analysis. Figure 3 displays A(t)
vs. the front position xc(t) for several wavelengths l = 2=q, for the no-slip and
the slip case, and for both the lubrication and the nonlinear curvature model. In
all these cases and for each of the depicted wavelengths, the perturbation grows as
the dewetting proceeds, then it reaches a maximum, after which it decays. Longer




at later stages of the dewetting, when the front has advanced further into the lm
and the ridge of the base state has grown in size, suggesting that the most amplied
wavelength correlates with the width of the ridge [14]. This coincides interestingly
with results on the ngering in gravity and Marangoni-driven ows, where the most
amplied wavelength in the modal analysis is proportional to the length scale im-
posed by the bump width [32], and with predictions for the breaking up of static






































Figure 3: Amplication A(t) of the perturbation versus front position xc(t) (a) for
the no-slip (m = h3) and (b) for the slip case (m = h2). Line styles correspond to
dierent span-wise wavelengths as indicated in the legend, and represent the results
for the model using nonlinear curvature. For the model with linear curvature, we








































Figure 4: Perturbation proles h1 for wave length l = 8:01  10
3, for the no-slip case
(a) and the slip case (b) at dierent positions xc of the front in the base prole.
The proles for h1 have been normalized so that their maximum is one, and shifted
along the x-axis, for easier comparison. For each subgure, the perturbation proles
are labelled 0, 1 and 2, where label 0 denotes the initial perturbation introduced at
t0. Label 1 and 2 correspond to the front position/amplication factor given by the
left and right cross (or circle) in the inset, respectively. Solid lines and crosses are
used for the results for the nonlinear curvature model, while dashed lines and circles
represent the results for the linear curvature model.
10
Comparing now the no-slip and the slip situation, we nd that for a given wave-
length, the maximum Amax is achieved earlier in the no-slip case, i.e. at a smaller
value of xc. More importantly, the value of Amax is lower, by up to several orders of
magnitude, than for the slip scenario. This suggests that with slippage, the dewet-
ting front is orders of magnitude more susceptible to span-wise perturbations of the
front. We also compare, with slip and with no-slip, the amplication factors for
the lubrication and the nonlinear curvature model, shown in g. 3. The amplica-
tion factor for the latter seem to be slightly larger, but this dierence is small and
becomes apparent only when the growth is about to saturate.
Figure 4 shows proles of the perturbation h1 at dierent stages of amplication for
both the no-slip (a) and the slip case (b) and highlights a characteristic property. In
the no-slip case, the initial perturbation (given by (19)), which has one pronounced
maximum and a minimum, rapidly evolves into a new prole where the minimum
is replaced by a `bump' which becomes a second maximum when A(t) reaches its
maximum value Amax. This means that both the front and the back side of the
ridge are perturbed, in such a way that at locations where the `dry' side of the
ridge is shifted to lower x, the `wet' side is shifted to larger x and vice-versa. Such a
perturbed ridge will consist of a sequence of thicker and thinner portions reminiscent
of a varicose or `peristaltic' mode leading to the breakup of static ridges [4].
Conversely, for the slip case, the minimum fades out much more slowly and even
for the perturbation prole at maximum amplication A(t) = Amax, we only have a
small `bump' in the position where the no-slip case has a second maximum. Thus,
with slippage, the perturbation hardly aects the `wet' side of the ridge, meaning
that the ridge stays relatively at there; undulations would appear asymmetrically,
i.e. mainly on the `dry' side of the ridge. We conrmed in seperate computations
(restricted to the slip case of the lubrcation model) that this asymmetric corruga-
tion was observed for the slip case for dierent initial data. For each of our choices
for h1(x; t0), the perturbation prole quickly relaxed into the shapes shown in Fig-
ure 4 (b) by dashed lines.
Comparing the results for the lubrication and the nonlinear curvature model, we
nd that, interestingly, the positive parts of the normalized perturbation proles
for the former model lie above those for the latter. This dierence is diminished,
however, if we consider the eect of these perturbations on contours of the surface.
This is typically what we observe when we look at experimental data from a bird's
eye perspective. Also note that, for the purpose here, the contact line can be ap-
proximated by the contour line at the height hb(xc(t)) of the inection point of the
base state. We compare this to the change induced by a perturbation on the contour
line at the height where the base state has a second inection point, i.e. on the 'wet'
side of the ridge.
Corrugating a contour line by a small sinusoidal perturbation Æ'(y), 0 < Æ  1,
locally changes the prole to
hb(x+ Æ'(y)) = hb(x) + Æhb;x'(y) + HOT;
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i.e., the contour corrugation '(y) corresponds to a perturbation h1(x; y) = hb;x'(y)
of the prole, and vice-versa. Hence the left and right part of the perturbation
proles shown in g. (4) has to be scaled by some measure of the slope on the
'dry' and the 'wet' side of the base state to assess the true impact on the contact
line/contours. As an estimate, we take here the slopes at the inection points. These
slopes for the slip case are 0:58 and  0:22 for the 'dry' and 'wet' side of the ridge for
the lubrication model, respectively, and 0:94 and  0:24 for the nonlinear curvature
model. With no-slip, they are only slightly dierent. In order for the dierence in
the slopes for the lubrication and the nonlinear curvature model to account for the
dierence of the perturbation proles near label 'S' in g. 4(b), multiplying the solid
line by the ratio (v1 v4)=(v2 v3) = 1:5 must approximately yield the dashed line near
'S', and indeed it does. Hereby, vi, i = 1; : : : 4 denote the values for the slopes in
the order they appear in the text above. For the noslip case (g. 4(a)), too, the
dierence between the perturbation proles near label 'S' is greatly reduced upon
multiplying the solid curve with the ratio of the four values, which we found to be
1:4.
Scaling the height of points of minimal slope on the two sides of the perturbation
proles with the aforementioned values greatly reduces the dierence between these
heights obtained for the dashed and solid lines.
4 Conclusions
We investigated the lubrication model and an extended model that includes the full
nonlinear curvature, describing the dewetting process of a thin polymer lm on a
hydrophobized substrate. The model assumed the dewetting process is driven by Van
der Waals forces and for the mobility we used either a no-slip or a free slip condition.
We showed that the receding, slowly increasing ridge at the border of each trench
is unstable with respect to small span-wise perturbations. Interestingly, our linear
stability analysis shows that the amplication rate is by several orders of magnitude
larger for the free slip case than for the no-slip case for both the lubrication model
and the extended model. Moreover, by comparing the perturbation proles h1(x; t),
we found that in the no-slip case the proles develop two maxima, one on the front
side towards the trench and the other one on the back side towards the thin lm,
while for the free slip case only one maximum on the front side develops. The
means that for the the free slip case would show asymmetric protrusions extending
towards the trench, while for the no-slip case the (by orders of magnitude smaller)
protrusions are symmetrical.
Finally we want to make some remarks on preliminary results regarding the wave-
length of the instability. First, we adapted our code for the dynamic base state
to determine, the fastest growing wavelength for a static ridge of height href . The
wavelength was about four times the width of the ridge measured between the two
inection points, with a slightly larger ratio for the nonlinear curvature model. This
agrees with values given in [4].
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To nd out whether such a relation between width of ridge and preferred wavelength
holds, we performed some preliminary computations for the dewetting ridge, where
we divided the wavelength l = 2=q by the width of the ridge at which either
the amplication factor or the growth rate _A(t) becomes maximal, and found that
the numerical values obtained for each of these ratios hardly changed for dierent
choices of the wavenumber k. We note that we took for width of the ridge twice
the distance of the front (i.e. the inection point) from the maximum of the ridge,
and restricted this part of our investigation to the slip case. For the lubrication
model and wavelengths l = 13:5  103, l = 8:01  103 and l = 5:00  103, the maximum
amplication factor was achieved when the ratio of wavelength and width was equal
to 2:5; at the time of maximal growth rate { which occured earlier { we obtained
values in the range 2:75 0:1. For the nonlinear curvature model, these values were
only slightly larger, upto about 10%. For both models the corresponding values do
not dier much if larger wavelengths are taken into consideration. This suggests
that there could to be limiting values for these ratios as the wavelengths increase.
For the nonlinear curvature model and shorter wavelengths the ratio of ridge width
at the moment of maximum growth rate and wavelength tends to increase. We are
currently investigating these trends further.
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